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We investigate the entanglement, CHSH nonlocality, fully entangled fraction and symmetric ex-
tendibility of two-qubit states that have a single maximally mixed marginal. Within this set of
states, the steering ellipsoid formalism has recently highlighted an interesting family of so-called
‘maximally obese’ states. These are found to have extremal quantum correlation properties that are
significant in the steering ellipsoid picture and for the study of two-qubit states in general.
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I. INTRODUCTION
Quantum steering ellipsoids provide a faithful and in-
tuitive representation of two-qubit states [1–4]. If Alice
and Bob each hold a qubit of a non-product state then Al-
ice’s Bloch vector is ‘steered’ when Bob performs a local
measurement. Given all possible measurements by Bob,
the set of Bloch vectors to which Alice can be steered
forms her steering ellipsoid E inside the Bloch sphere. E
is described by its centre c and a real, symmetric 3 × 3
matrix Q. The eigenvalues of Q give the squares of the
ellipsoid semiaxes si and the eigenvectors give the orien-
tation of these axes. Not every E inside the Bloch sphere
describes a physical two-qubit state; the necessary and
sufficient conditions for physicality have recently been
given in Ref. [5].
In the steering ellipsoid formalism, the set of canonical
states is of particular importance. These correspond to
two-qubit states in which Bob’s marginal is maximally
mixed. A general two-qubit state ρ is transformed to its
canonical state ρ˜ by the local filtering operation [2]
ρ˜ =
(
1⊗ 1√
2ρB
)
ρ
(
1⊗ 1√
2ρB
)
=
1
4
(1⊗ 1 + c · σ ⊗ 1 +
3∑
i,j=1
T˜ij σi ⊗ σj), (1)
where ρB = trA ρ. Since E is invariant under this trans-
formation, only canonical states are needed to describe
all possible physical steering ellipsoids. For a canonical
state, Alice’s Bloch vector coincides with the ellipsoid
centre c. The ellipsoid matrix of a general state ρ is
defined using its canonical state by Q = T˜ T˜T. The el-
lipsoid semiaxes are therefore given by si = |ti|, where ti
are the signed singular values of T˜ . Without loss of gen-
erality we will say that the semiaxes are ordered such
that s1 ≥ s2 ≥ s3. The chirality of E is defined as
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χ = sign(det T˜ ) = sign(t1t2t3) and relates to the sep-
arability of the quantum state [5]; any entangled state
must have χ = −1.
In Ref. [5] we investigated extremal states lying on
the physical-unphysical boundary by finding the largest
volume physical E for any given c. For c = (0, 0, c),
the maximal volume ellipsoid Emaxc has major semiaxes
s1 = s2 =
√
1− c and minor semiaxis s3 = 1−c (see Fig.
1). Since E is invariant under Bob’s local filtering opera-
tions, the same Emaxc describes a whole manifold of states
in which Bob’s Bloch vector can take any value. How-
ever, by choosing the canonical state, which has Bob’s
marginal maximally mixed, we can associate with any
given Emaxc a unique two-qubit state ρ˜maxc . This is the
so-called ‘maximally obese’ state, which forms a family
parametrised by 0 ≤ c ≤ 1:
ρ˜maxc =
(
1− c
2
)
|ψc〉 〈ψc|+ c
2
|00〉 〈00| , (2)
where |ψc〉 = 1√2−c (|01〉+
√
1− c |10〉). Physically, ρ˜maxc
is Choi-isomorphic to the trace-preserving single-qubit
amplitude-damping channel with decay probability c.
With the exception of c = 1, the maximally obese states
are entangled; moreover, ρ˜maxc is the state that maximises
concurrence over the set of all two-qubit states that have
steering ellipsoid centred at c [5].
Here we further investigate the set of canonical two-
qubit states, with a particular focus on the family of max-
imally obese states. We find that ρ˜maxc maximises three
more measures of quantum correlation – CHSH violation,
fully entangled fraction, and negativity – over the set of
canonical two-qubit states with a given c. We show that
any maximally obese state must be either CHSH non-
local or symmetrically extendible. Furthermore, in the
context of steering ellipsoids, the entanglement proper-
ties of canonical states are found to correspond directly
to simple geometric features of E . Finally, we place nec-
essary bounds on c for a general two-qubit state (i.e., one
without any restriction on Bob’s marginal) to be CHSH
violating or useful for quantum teleportation.
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2FIG. 1. An example Emaxc inside the Bloch sphere, with c =
0.4. Emaxc has centre c = (0, 0, c) and semiaxes s1 = s2 =√
1− c, s3 = 1− c.
II. CHSH VIOLATION AND
SYMMETRIC EXTENDIBILITY
Consider the Clauser-Horne-Shimony-Holt (CHSH)
scenario [6] with Alice and Bob sharing a canonical two-
qubit state ρ˜ of the form (1). Alice can measure her
qubit in one of the two directions α or α′, and Bob
can measure his qubit in β or β′. Define the operator
B = α · σ ⊗ (β + β′) · σ + α′ · σ ⊗ (β − β′) · σ. The
maximal CHSH violation gives a measure of Bell nonlo-
cality and is given by β(ρ˜) = maxB | tr(ρ˜B)|, where the
maximisation is performed over all directions α,α′,β,β′.
This gives [7]
β(ρ˜) = 2
√
s21 + s
2
2. (3)
In the steering ellipsoid picture, the entanglement of a
state depends on the centre vector c, the size of E and its
skew cTQc [3]. In contrast to this, the CHSH nonlocality
of a canonical state has a remarkably simple geometric
interpretation: it depends on only the two longest semi-
axes of E and not on the position or orientation of E
inside the Bloch sphere.
Theorem 1. From the set of all canonical states with a
given c, the most CHSH nonlocal state is the maximally
obese ρ˜maxc , as given in Eq. (2).
Proof. According to Eq. (3), we need to bound s21 + s
2
2.
The most CHSH nonlocal state will be entangled and so
has χ = −1. From the conditions for physicality given
in Theorem 1 of Ref. [5] we have s21 + s
2
2 ≤ 1 − c2 +
2s1s2s3−s23. As described in the appendix of Ref. [5], we
can use the Karush-Kuhn-Tucker conditions to show that
the maximal volume Emaxc also maximises 2s1s2s3−s23 for
a given c = (0, 0, c). This Emaxc has s1 = s2 =
√
1− c and
s3 = 1− c. We therefore see that 2s1s2s3− s23 ≤ (1− c)2,
so that s21 + s
2
2 ≤ 1− c2 + (1− c)2 = 2(1− c). This gives
the bound β(ρ˜) ≤ 2√2(1− c), which is met by ρ˜maxc .
Let us also consider the symmetric extendibility of
maximally obese states. A bipartite quantum state ρAB
is symmetrically extendible with respect to Alice if there
exists a tripartite state ρAA′B for which trA(ρAA′B) =
trA′(ρAA′B) [8]. Originally introduced as a test for en-
tanglement [9], symmetric extendibility has a number of
operational interpretations. For example, a symmetri-
cally extendible state cannot be used for one-way en-
tanglement distillation [10] or one-way secret key dis-
tillation [11]. The relationship between symmetric ex-
tendibility and Bell nonlocality has also been studied;
the results of Ref. [12] show that a two-qubit state can-
not be both symmetrically extendible and CHSH non-
local. Although there exist (necessarily entangled) two-
qubit states that are neither symmetrically extendible
nor CHSH nonlocal, a maximally obese state must have
one of these properties.
Theorem 2. The family of maximally obese states
ρ˜maxc is partitioned into states that are symmetrically ex-
tendible and states that are CHSH nonlocal. ρ˜maxc is sym-
metrically extendible for 1/2 ≤ c ≤ 1 and CHSH nonlocal
for 0 ≤ c < 1/2.
Proof. The necessary and sufficient condition for a two-
qubit state ρAB to be symmetrically extendible with
respect to Alice is tr(ρ 2A) ≥ tr(ρ 2AB) − 4
√
det ρAB [8].
For ρAB = ρ˜
max
c , as given in Eq. (2), we find that
tr(ρ 2A) = (1 + c
2)/2, tr(ρ 2AB) = (2 − 2c + c2)/2 and
det ρAB = 0. ρ˜
max
c is therefore symmetrically extendible
if and only if (1 + c2)/2 ≥ (2 − 2c + c2)/2, which gives
c ≥ 1/2.
The necessary and sufficient condition for a state ρAB
to be CHSH nonlocal is β(ρAB) > 2. From Theo-
rem 1, we have that β(ρ˜maxc ) = 2
√
2(1− c) and hence
β(ρ˜maxc ) > 2 if and only if c < 1/2.
III. FULLY ENTANGLED FRACTION
The fully entangled fraction of a bipartite state ρ is de-
fined by f(ρ) = max|φ〉 〈φ| ρ |φ〉, where the maximum is
taken over all maximally entangled states |φ〉 [13]. f(ρ) is
an important quantity in entanglement distillation pro-
tocols [14] and relates directly to the fidelity of quantum
teleportation [15].
For a canonical state ρ˜ of the form (1), the fully en-
tangled fraction is [16]
f(ρ˜) =
1
4
(1 + s1 + s2 − χs3), (4)
where we recall the ordering s1 ≥ s2 ≥ s3. An entangled
state must have χ = −1; in this case f(ρ˜) depends only on
the sum of the steering ellipsoid semiaxes
∑
i si = tr
√
Q.
3Similar to CHSH nonlocality, the fully entangled fraction
of a canonical state depends only on the size of E and not
on its position or orientation.
Theorem 3. From the set of all canonical states with a
given c, the state with the highest fully entangled fraction
is the maximally obese ρ˜maxc , as given in Eq. (2).
Proof. According to Eq. (4), we need to bound s1 +
s2 − χs3. Clearly we have s1 + s2 − χs3 ≤ s1 + s2 + s3.
Since s3 is the minor axis of a physical E , we must have
s3 ≤ 1 − c in order for E to be inside the Bloch sphere,
and so s1 + s2 + s3 ≤ s1 + s2 + 1− c. From the Cauchy-
Schwarz inequality, for any n-dimensional vector v we
can bound the 1-norm ||v||1 and the 2-norm ||v||2 using
||v||1 ≤
√
n||v||2 [17]. Applying this to v = (s1, s2), we
have s1 + s2 ≤
√
2(s21 + s
2
2). From Theorem 1, s
2
1 + s
2
2 ≤
2(1− c). We therefore see that s1 + s2 + s3 ≤ 2
√
1− c+
1−c. This gives the bound f(ρ˜) ≤ (1+√1− c)2/4, which
is met by ρ˜maxc .
When Alice and Bob share a two-qubit state ρ˜ to use as
a resource for quantum teleportation, the average fidelity
achieved is F (ρ˜) = [2f(ρ˜)+1]/3 [15]. Since F (ρ˜) increases
monotonically with f(ρ˜), Theorem 3 shows that ρ˜maxc is
the optimal state to use for teleportation over all states
that have Bob’s marginal maximally mixed and Alice’s
Bloch vector equal to c.
We can also consider this result in the Choi-isomorphic
setting, using the fact that ρ˜maxc is isomorphic to the
amplitude-damping channel. Let us say that Alice pre-
pares the Bell state |ψ+〉 and sends one qubit of it to
Bob through a trace-preserving quantum channel Φ, in-
tending the resulting shared state to act as a resource
for teleportation. From the set of all non-unital maps
Φ for which Φ(1/2) = (1 + c · σ)/2 and c = (0, 0, c),
the one that will maximise teleportation fidelity is the
amplitude-damping channel.
These results complement previous studies of telepor-
tation, which have shown that passing a resource state
through a dissipative channel can enhance the average
teleportation fidelity [16, 18] as well as identifying the fil-
tering operations that achieve optimal fidelity for a given
resource state [19, 20].
IV. CONCURRENCE AND NEGATIVITY
We now consider two entanglement monotones, both
of which range from 0 for a separable state to 1 for a
maximally entangled state.
For a two-qubit state ρ, define the spin-flipped state as
ρˆ = (σy ⊗ σy)ρ∗(σy ⊗ σy) and let λ1, ..., λ4 be the square
roots of the eigenvalues of ρρˆ in non-increasing order.
The concurrence is then given by C(ρ) = max(0, λ1 −
λ2 − λ3 − λ4). Negativity is a measure for entanglement
based on the Peres-Horodecki criterion [21, 22]. Let µmin
be the smallest eigenvalue of ρTB ; the negativity is then
given by N(ρ) = max(0,−2µmin) [23, 24].
In Ref. [5] we bounded the concurrence of any two-
qubit state in terms of the volume of its steering ellip-
soid. This gave us the bound C(ρ˜) ≤ √1− c for a canon-
ical state ρ˜ of the form (1). The bound is saturated by
maximally obese states ρ˜maxc . Our results on CHSH vi-
olation allow us to derive another result that is neither
stronger nor weaker than this bound. Ref. [25] gives the
bound 2
√
2C(ρ˜) ≤ β(ρ˜). From Eq. (3) and the ordering
s1 ≥ s2 ≥ s3 we then obtain C(ρ˜) ≤ s1. Although this
bound is distinct from C(ρ˜) ≤ √1− c, it is also saturated
by maximally obese states.
Numerical results show that the negativity of a canon-
ical state is bounded as N(ρ˜) ≤ s3. As discussed in
Theorem 3 we have s3 ≤ 1 − c, and so N(ρ˜) ≤ 1 − c.
Again, the bound is saturated by ρ˜maxc .
We therefore see that in the steering ellipsoid picture,
the concurrence of a canonical state is upper bounded by
the length of the major semiaxis while the negativity is
upper bounded by the length of the minor semiaxis [26].
For maximally obese states, these entanglement measures
are in fact equal to the lengths of these semiaxes and can
thus be directly obtained from a geometric visualisation
of Emaxc .
As discussed in Ref. [5], the maximally obese states
form a special single-parameter class of the gener-
alised Horodecki state (see, for example, Refs. [23, 27,
28]). Other classes of the generalised Horodecki state
have been studied before and were seen to have cer-
tain extremal properties. For example, the Verstraete-
Verschelde states [29] minimise the fully entangled frac-
tion for a given concurrence and negativity; these states
obey C = [N +
√
N(4 + 5N)]/2. Our maximally obese
states ρ˜maxc maximise concurrence for a given CHSH non-
locality and obey C =
√
N .
V. BOUNDS FOR CHSH NONLOCALITY AND
TELEPORTATION FOR GENERAL STATES
CHSH nonlocality and fully entangled fraction are
measures that do not transform straightforwardly under
local filtering operations. The bounds given in Theorems
1 and 3 for canonical states cannot therefore be used to
analytically derive bounds for β(ρ) and f(ρ) for a gen-
eral (i.e., not necessarily canonical) two-qubit state ρ.
However, numerical investigations lead us to conjecture
remarkably simple expressions for these bounds (see Fig.
2).
Conjecture 1. Let ρ be a general two-qubit state with E
centred at c. The CHSH nonlocality is tightly bounded as
β(ρ) ≤ max[2√2(1− c), 2].
This allows us to place a necessary bound on the
steering ellipsoid for a general two-qubit state ρ to be
CHSH violating: to violate the CHSH inequality we need
β(ρ) > 2 and so c < 1/2. We therefore see that a two-
qubit state whose E is centred too close to the surface of
the Bloch sphere cannot exhibit CHSH nonlocality.
4FIG. 2. The numerical evidence for Conjecture 1 (top) and
Conjecture 2 (bottom). Using 105 random two-qubit states,
we plot the CHSH nonlocality and fully entangled fraction
against the magnitude of the steering ellipsoid centre. The
conjectured bounds are shown as black lines.
Conjecture 2. Let ρ be a general two-qubit state with
E centred at c. The fully entangled fraction is tightly
bounded as f(ρ) ≤ 1− c/2.
Recall that teleportation fidelity is related to fully en-
tangled fraction by F (ρ) = [2f(ρ) + 1]/3. Using only
state estimation and classical communication, it is possi-
ble to achieve a teleportation fidelity of 2/3 [15]. To beat
this classical limit we require f(ρ) > 1/2, and so we see
that for all c < 1 there exists E describing a state that
achieves truly quantum teleportation. An optimal uni-
versal cloning machine achieves a fidelity of 5/6 [30, 31].
To beat this limit we require f(ρ) > 3/4 and hence
c < 1/2, which is the same bound as we obtained as
a necessary condition for E to be CHSH violating.
VI. OUTLOOK
Steering ellipsoid centre c provides a natural
parametrisation of two-qubit states and leads to ge-
ometric interpretations and simple bounds for several
measures of quantum correlation. Whether these re-
sults can be easily extended to higher dimensional quan-
tum systems remains to be seen. In particular, what
would be the analogous family of maximally obese states
in higher dimensions? It seems likely that the set of
states Choi-isomorphic to higher dimensional amplitude-
damping channels [32] will also have interesting maximal
quantum correlation properties.
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